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Abstract

The paper describes a numerical model that uses a finite-difference technique to simulate 2D-thermal transients of solid a
cylinders in convective and radiant cavities with participating media and time-dependent wall cavity temperatures. The model t
account all the thermo-physical property variations with temperature of both gases and materials under treatment. These last (usu
“load”) are subject to strong nonlinearthermal boundary conditions and must undergo given thermodynamic transitions.

The proposed model is validated with respect to the solutions obtained by other calculation techniques for some simplified
Simple thermal transients (cooling) are considered for constant-property cylinders in a convective environment, the analytical solu
taken as a reference. Simplified radiation cases are also examined and the solutions yielded by the model are compared with tho
a finite element commercial code (ANSYS®).

Stability and accuracy characteristics of the calculation algorithm areidentified as a function of operating conditions and discretizatio
criteria (discretized Biot and Fourier numbers).
 2003 Elsevier SAS. All rights reserved.
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1. Introduction

Heat treatment consists of a sequence of heating and
ing stages under controlled conditions in order to achi
given temperature cycles insidethe materials being treate
The aim of the heat treatment is to develop the required t
modynamic, morphological or chemical-physical transitions
in the materials. The procedure finds application in num
ous fields, from the food industry (e.g., baking ovens, fro
food production) to the production of electronic compone
(silicon component heat treatment) and several indus
applications, the most important being in iron and steel p
duction. There are many different heat treatment proces
A common type uses intermittent-operation furnaces, wh
are usually named batch furnaces, as a certain quanti
material (load) is loaded inside, to be taken out of the
nace when the treatment is completed.

The two main technological requirements of this proc
are temperature uniformity for all the pieces inside th
furnace and strict control of the exposure time to fix
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temperature levels. Actually, the control system can
directly measure the internaltemperature of the pieces bein
treated. Usually one or two temperature values are meas
on furnace walls and inside the gaseous atmosphere i
furnace. The availability of a tool able to calculate t
thermal fields inside both “load” and furnace walls, when
heating profile of internal gases and surface walls are give
is fundamental for control and design purposes.

For example, during the design stage, furnace dimens
and layout can be optimised, as can the internal geome
arrangement of the load. During operation, scheduling o
proper temperature levels for the furnace and residenc
time for the load can be optimised, thus reducing the c
of installation and operation as well as production cy
times. Furthermore, product quality and uniformity can
be improved, while at the same time decreasing energ
consumption and the environmental impact of the proce

There are basically three different ways of obtain
information on design and operating conditions for hig
temperature industrial furnaces:

(i) measurements on operating furnaces,
(ii) physical modelling using small-scale laboratory mo

els, and
(iii) mathematical simulation of the system.
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Nomenclature

A surface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2

Bi Biot number
bn eigenvalue
c specific heat . . . . . . . . . . . . . . . . . . . . J·kg−1·K−1

D diameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
F radiative view factor
Fo Fourier number
h heat transfer coefficient . . . . . . . . . W·m−2·K−1

H height . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
i, j finite difference spatial coordinates
J0, J1 Bessel functions
k thermal conductivity . . . . . . . . . . . . W·m−1·K−1

K thermal conductance . . . . . . . . . . . . . . . . . W·K−1

Kn coefficients
L length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
n finite difference time step
N number of discretized intervals
q ′′′ rate of heat generation per unit volume W·m−3

q heat transfer rate . . . . . . . . . . . . . . . . . . . . . . . . . W
r radial coordinate . . . . . . . . . . . . . . . . . . . . . . . . . m
R radius . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
x, y Cartesian coordinate

Greek symbols

� finite difference
δ thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
ε thermal emissivity
η weight
θ angle (coordinate) . . . . . . . . . . . . . . . . . . . . . . . rad

Θ dimensionless temperature
ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

σ Stefan Boltzmann constant,
= 5.67× 10−8 . . . . . . . . . . . . . . . . . W·m−2·K−4

τ time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s

Subscripts

C convective
c on the cylinder axis (center)
E on external surface
ext external
gas of (to) the gas
i generic numeral
int internal
j generic numeral
k conductive
p of the furnace walls
R radiative
walls to the furnace walls
θ at (along) theθ coordinate
θ1 of the cylinder surface #1
θ2 of the cylinder surface #2
0 initial (τ = 0)

Superscripts

I of the first region
II of the second region
III of the third region
IV of the fourth region
n at the time stepn
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The cost of the first method and the modelling difficult
of the second make them impractical. In particular,
second method does not provide some of the most rele
information about the system, namely the radiation h
transfer from high-temperature combustion products, s
this cannot be obtained from any “low-temperature” sca
model.

The third method is therefore the most promising eva
tion tool, in that it is able to assess given operating condit
and rate new design alternatives at relatively low cost. H
ever, before any mathematical model can be confidently u
to simulate the system, it must be validated by indepen
data (i.e., experimental measurements [1–3] and theore
results [1]).

1.1. Review of literature

Several calculation models are available in the lite
ture to tackle the general problem of transient convection
radiation heat transfer infurnaces for heat treatment
several fields of application. These studies mainly conc
the handling of the complicated load–gas–furnace radia
t

l

interactions, and of the related apparent or mean emi
ity/absorptivity properties of the participating media.

The most simplified models neglect temperature g
dients inside the load, focusing on the problem of lo
distribution inside the furnace to achieve global tempe
ture uniformity during the thermal transient. For instan
[4] studies vacuum furnaces heated by several radiant tub
burners and enclosed within thermal insulation walls. Ma
terials to be heated are placed in the central region of
furnace. To solve the combined problem of conductive
side the furnace walls) and radiant (between heating surf
and load) transient heat transfer, a three-dimensional m
has been developed with the Monte Carlo method of
culating radiative heat exchange. In this model each pa
the load is assumed to be at a uniform internal tempera
equal to the temperature of the furnace volume where
located. Some comparisons between numerical results
experimental measurements show a good fit. The appro
which is successful in this case with a relatively small f
nace volume (around 1 m3), cannot give any indication o
internal temperatures of the pieces under treatment.
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Precise thermal control of multi-zone batch furnaces
become increasingly important in the semiconductor ind
try to prevent defects from being generated during de
fabrication. This type of batch thermal reactor consists o
three key elements: a stack of wafers, some electrical r
tive heaters and a fused silica process tube. The simula
model developed in [5] has two significant thermal featu
the radial temperature distribution on wafers follows a u
versal parabolic profile and the wafer stack gives rise
a strong cavity effect, which produces thermal radiati
The aim of that work was to characterise the depende
of wafer temperature nonuniformity on processing con
tions, including the ramp rate and wafer spacing. For
geometry (wafer diameterD = 200 mm, wafer thicknes
δ = 0.725 mm and spacing between wafers from 5 mm
25 mm), the transient thermal problem can be solved m
more simply by introducing a time-dependent parabo
type temperature distribution inside the cylinder, over a w
range of temperatures, operating conditions and system
ulation strategies.

When the furnace size and the load mass become
(e.g., single cylinder 1 m in diameter and furnace len
around 30 m) a full analysis of the time–temperature profi
inside each component of the “load” and of the furna
walls is needed in order to accurately predict the temperatur
distribution over time.

A simulation model for natural gas, direct-fired batch a
continuous furnaces has been developed in [6]. Radia
heat transfer to the load iscalculated by considering th
thermal interactions among the load (consisting of a sin
rectangular slab in a pre-fixed position), combustion pr
ucts and refractory walls, using Hottel’s zone method
The radiative heat flux was calculated assuming mean em
sivity and absorptivity, and using the Monte Carlo meth
coupled to the sum-of-four-grey-gases model. The aut
report a series of parametric results for both types of furn
examined, concluding that the simulation model define
an efficient tool for predicting system behaviour and
making preliminary choices in order to optimise the des
and basic working conditions. The effects of the load surf
and refractory wall emissivities on load surface and co
bustion gas temperature and onthe total heat flux to the loa
along the furnace are analysed in detail. The results obtaine
also show the effect of load and refractory surface emiss
ties on furnace efficiency.

Temperature uniformity is of particular relevance for st
bars that are discharged from reheating furnaces for subs
quent rolling. Indeed, nonuniformity of the stock discha
temperature may cause unacceptable variations in thicknes
during rolling, and thus influence the quality of the fin
product. In order to optimise the heating process modes
times/slab velocity, a three-dimensional finite-element m
ematical model has been developed [1], which provides d
knowledge of the nonstationary temperature field in rec
gular blocks of steel. The model is validated with respec
-

-

an analytical solution, a numerical solution obtained from a
commercial code [8] and full-scale experimental data.

Further studies are available for cases in which the l
is not homogeneous and the internal temperature distribu
is of particular relevance. In [9] rolled steel coils in an HP
(High Performance Hydrogen) furnace have been consid
as a periodically multi-layer material in the radial directio
and a new formula for determining the radial equivalent th
mal conductivity has been proposed. Several experime
measurements of internal temperatures of rolled coils hav
been taken in order to validate the numerical model.
annealing temperature curvescalculated by using the radia
equivalent thermal conductivity show good agreement w
experimental data.

1.2. The present model

This paper focuses on the problem of transient temp
ture profiles inside loads made up of several cylinders (s
or hollow) during heat treatment in batch furnaces. T
geometry is 2-D and all the thermo-physical properties
assumed to be temperature-dependent. Nonhomogeneo
loads (rolls, packed beds, and so on) can be studied by p
erly modelling the equivalent thermal conductivity of t
porous material [9,10].

The model developed within this research activity
based on a finite-difference approach and shows s
significant advantages in calculation when compared w
the codes described above:

– the definition of load geometry and the arrangemen
the load inside the furnace are more general and m
flexible;

– the internal temperaturecan be calculated exactly eve
when thermo-physical properties vary considerably w
temperature; consequently, processes involving ther
dynamic phase transitionsand nonhomogeneous med
can also be simulated;

– effective computation, as already in [1], of radia
effects and participating gases inside the furnace;

– by means of a simple space/time transformation
can also simulate “continuous” processes, in whic
uniformly distributed load proceeds at constant sp
through the furnace.

– as simulation time is shorter, complex optimisat
algorithms can be exploited.

The paper reports preliminary checks of the mod
in which the numerical results are compared with ot
theoretical solutions obtained for the two following cases

(i) analytical solution for the particularly easy case
1-D thermal transient with purely convective bounda
conditions
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(ii) finite-element solution (ANSYS®) for the 2-D case
with only radiant thermal exchange between furn
walls and load, and with nonparticipating gas.

Finally, an actual industrial application has been sim
lated, by comparing program results with ANSYS® data in
a particular complete batch treatment process. Analys
calculation performance shows that the program can
ulate a 197-hours transient process in just 11s calcula
time, which is less than one fortieth of the time taken
the ANSYS® program. This performance is achievable p
vided that a proper compromise among stability, precis
and number of time steps is found. Further improveme
may be achieved by introducing into the calculation progr
a dynamic time-step variation during the simulation.

2. Problem formulation

The study of the heat treatment of rolls, cylinders a
similar objects was carried out with reference to the gen
pattern of load geometry shown in Fig. 1. The rectang
cross section of the furnace is filled with cylindrical ba
located (or forwarded) longitudinally. The load pattern
ensured by appropriate refractory supports, which are
shown in the figure.

In high-temperature furnaces, radiation is the main hea
transfer mechanism. As known, radiation generally depend
on the geometry, relative orientation, temperature and r
ant properties of the surfaces and finally on the chara
istics of the gaseous medium in-between (semi-transpa
media affecting considerably the intensity of thermal rad
tion which passes through).

Under these conditions, the fluid dynamics of gases in
the furnace and the related distribution of convective h
transfer coefficients are second-order accuracy terms o
global thermal problem and can be approximately assig
as given operating data. The atmosphere inside the fur
consists of flue gases. The present study refers main
heat treatments where the temperature gradients insid
material are by far the most crucial issue of the process
the composition and temperature of the flue gases ca
assumed known and approximately uniform.

Fig. 1. Sketch of a simplified furnace section with cylindrical load.
t

e

The system model is transient in time and 2-D
geometry. The furnace is a rectangular cavity (width×height
L × H ) containing the load (cylinders with axis locat
along coordinatexc, yc) and the gases. The problem
2-D conduction inside each cylinder with radiusRi and
longitudinal axis located at coordinatesxi andyi , is solved
with reference to a local system of polar coordinates(r, θ),
while the global model has a Cartesian reference sys
(x, y).

The radiative heat transfer in the presence of a
ticipating gas should be evaluated by the global bala
of radiation intensity in each space direction, conside
emission, absorption and scattering phenomena [11]. N
ertheless, the solution of the entire problem is extrem
complex and requires long calculation times. Therefore
engineering applications, simplified approaches are use
In this work, scattering effects have been neglected. T
approach makes the net radiation method, which is tradit
ally used to study radiation in the presence of transpa
media, also applicable to problems involving a participat
gas [11,12]. The application of this method requires that
radiation properties of the gas be defined, as in the treat
of solid surfaces in cavities. It can be used only for unifo
thermodynamic conditions of the gas itself, i.e., without s
nificant gradients of pressure, temperature, composition
concentration.

2.1. Mathematical model

Referring to a generic cylinder with external radiusRe ,
the conduction problem inside the load can be prop
treated by a system of polar coordinates centred on
cylinder axis. The general equation of conduction in
system of polar coordinates(r, θ) becomes:

1

r

∂

∂r

(
rk

∂T

∂r

)
+ 1

r

∂

∂θ

(
k

r

∂T

∂θ

)
+ q ′′′ = ρc

∂T

∂τ
(1)

where q ′′′ [W·m−3] is the rate of heat generation p
unit volume,k [W·m−1·K−1] the thermal conductivity,ρ
[kg·m−3] the density andc [J·kg−1·K−1] the specific heat.

2.1.1. Discretized equations
To obtain discretized equations, Eq. (1) is multiplied

r ( �= 0) and integrated with respect tor andθ on the control
volume shown in Fig. 2: asr · dr · dθ is the value of the
volume of an axial element of unitary depth, this is the sa
as calculating a volume integral [13].

With reference to Fig. 2, the conduction equation
discretized in polar coordinates. Furthermore, assuming
only thermodynamic transitions of the second-order typ
take place in the material, the internal heat genera
due to phase transition can be simulated by mean
suitable specific heat variations with temperature. Thus
following equation is obtained for each node(i, j):
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Fig. 2. Control volume in polar coordinates.

[
kI

ri+1 − ri
�θ

(
ri + ri+1

2

)
(Ti+1,j − Ti,j )

+ kII

ri�θ

(
ri+1 + ri−1

2

)
(Ti,j+1 − Ti,j )

+ kIII

ri − ri−1
�θ

(
ri−1 + ri

2

)
(Ti−1,j − Ti,j )

+ kIV

ri�θ

(
ri+1 + ri−1

2

)
(Ti,j−1 − Ti,j )

]

= ρc
π

Nθ

(
r2
i+1 − r2

i−1

2

)(
T n+1

i,j − T n
i,j

�τ

)
(2)

whereNθ is the number of circumferential nodes and�τ is
the time step of integration.

All thermal conductivitiesk are calculated at the spati
average between the temperatures of adjacent nodes, whi
density and specific heat in the node(i, j) are calculated
at the temperature averaged between time instantsn and
(n+1). According to whether the terms on the left side of
equation are referred to a time stepn or n+ 1, the explicit or
implicit formulation of the discretized conduction equati
is obtained. When a weight 0< η < 1 is defined, the explici
form of the Eq. (2) is multiplied by(1 − η) and the implicit
one by η, the sum of the obtained equations gives
weighted average of the explicit and implicit formulation
as used in this model (Eq. (3)). Consideringη = 0.5, i.e.,
calculating the arithmetic mean between two formulatio
the Crank–Nicholson method is obtained [13].

Final discretized equation (internal points):

kI

ri+1 − ri
�θ

(
ri + ri+1

2

)[
(1− η)T n

i+1,j + ηT n+1
i+1,j

]

+ kII

ri�θ

(
ri+1 + ri−1

2

)[
(1− η)T n

i,j+1 + ηT n+1
i,j+1

]

+ kIII

ri − ri−1
�θ

(
ri−1 + ri

2

)[
(1− η)T n

i−1,j + ηT n+1
i−1,j

]

+ kIV

ri�θ

(
ri+1 + ri−1

2

)[
(1− η)T n

i,j−1 + ηT n+1
i,j−1

]

+
[
− kI

�θ

(
ri + ri+1

)

ri+1 − ri 2
− kII

ri�θ

(
ri+1 + ri−1

2

)
− kIII

ri − ri−1
�θ

(
ri−1 + ri

2

)

− kIV

ri�θ

(
ri+1 + ri−1

2

)][
(1− η)T n

i,j + ηT n+1
i+1,j

]

= ρc
π

Nθ�τ

(
r2
i+1 − r2

i−1

2

)(
T n+1

i,j − T n
i,j

)
(3)

2.1.2. Boundary conditions
Proper boundary conditions have to be associated to

conduction equation (3) by calculating, in each surface n
the external heat transfer rateqE exchanged between th
load surface and the outside. The external heat flow
qE can be separated into convective(qC), conductive(qk),
and radiative(qR) heat transfer rates. Convection takes pl
with the gas inside the furnace, and is evaluated by mea
of a surface conductancehC , which, in general, can var
in time and space (in any case according to a given, kn
law) around the cylinder. Conduction is present if one
more points of the surface of the cylinder are in cont
with other solids (i.e., with another cylinder, with furna
walls or supports) and can be expressed by means o
equivalent contact resistance. The radiant contribution
be sub-divided into one term due to the furnace walls
another one due to the participating gas. Since the actua
of the heat treatment furnace is to ensure good temper
uniformity among the various load elements, radiant he
exchange between different cylinders have been negle
Given the discretized external surface area of the cylin
Aθ = Rext�θ , the following set of boundary conditions
obtained:

qE = qC + qk + qR (4a)

qCθ = hCθAθ(Tgas− Tθ ) (4b)

qk = K(Tθ1 − Tθ2) (4c)

qR = (qR)walls + (qR)gas (4d)

(qR)walls =
4∑

j=1

σ(T 4
pj

− T 4
θ )

1−εθ

εθAθ
+ 1

AθFθj (1−εg)
+ 1−εj

εjAj

(4e)

(qR)gas=
σ(T 4

g − T 4
θ )

1−εθ

εθAθ
+ 1

AθFθgεg

(4f)

where,θ1 and θ2 are the coordinates of the contact po
between two adjacent cylinders.

For the purpose of the evaluations carried out in
paper,(qk) and(qR)gasare not needed in the calculations,
spite of their being the main issue of a specific study, wh
for the sake of brevity, is not described here. In Eq. (4d),Aj

[m2] represents the area of each surface of the furnace w
In radiation heat transfer, the view factorsF , i.e., the

energy fraction emitted by a surface and incident o
another, must be calculated. Analytical values, tabulation
or diagrams of view factors are available for a limit
number of fairly simple geometries. In actual structur
the geometric shape of surfaces is complicated and ra
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from surfacesAθ to surfaceAj may be partially intercepte
(shadow phenomenon). No analytical expression is there
available forFθj , which means that approximate numeri
methods have to be used.

The “Crossed-Strings Method” [14] and the Monte Ca
method [15] have been adopted in the present model, wit
discretizing each of the four flat furnace walls, for reas
of simplicity. As known, the first method can be employ
only for 2-D geometries, in long cavities with constant cro
section, as in the case here considered.

2.1.3. Numerical solution
The numerical solution of the mathematical model sol

the resulting strongly-nonlinearset of algebraic equation
by means of an iterative solution based on the linear so
available in FORTRAN IMSL mathematic libraries [16
Nonlinearities are due to the dependence of thermo-phy
properties on temperature and to marked time variation
external heat flow rates (mainly due to the radiation term i
boundary conditions). Furthermore, time-dependent boun
ary conditions are handled. During iterations, properties
heat transfer rates are calculated with reference to a
perature field corresponding to the algebraic mean betw
values (known) at instantn and values (unknown) at the fo
lowing instant(n+ 1). Convergence is checked by using t
maximum percentage difference between temperature va
ues of two successive iterations (usually a calculation ste
assumed to have been completed when five significant d
are stabilised).

3. Numerical model validation

3.1. 1-D transient conduction in a long cylinder when
physical properties and boundary conditions are both
constant

Many analytical solutions are available in literature
determine the transient temperature field inside solids
general, these solutions refer to solids with constant ther
physical properties and simplified geometries and boun
conditions [17].

The transient temperature field inside a solid cylin
of infinite length, radiusR, constant thermo-physical pro
erties and initial temperatureT0, located in a convectiv
environment at temperatureT∞, where the heat transfer ra
is calculated by means of the constant radiative-conve
coefficientα, can be obtained analytically. The exact so
tion depends on three nondimensional groups (r/R, Bi =
αR/k, Fo = aτ/R2) and is available in the form of a serie
of infinite terms [12]:

Θ = T (r, τ ) − T∞
T0 − T∞

=
∞∑

KnJ0

(
bn

r

R

)
e−b2

nFo (5)

n=1
l

-

Fig. 3. Comparisons among the theoretical (analytical curves (Eq. (5))
numerical results in a 1-D cooling process.Bi = 10, �τ = 50 s, variable
number of radial nodes (5–10–50).

with the coefficientsKn expressed as:

Kn = 2Bi

(b2
n + Bi2) · J0(bn)

(6)

where eigenvaluesbn are the roots of the equation:

bn · J1(bn) − Bi ·J0(bn) = 0 (7)

whereJ0 andJ1 are the Bessel functions.
The convergence of the series (5), when the Fou

number is small (Fo < 0.05), is possible only with a ver
large number of terms; this number increases as the
number increases [12]. In this paper 20 terms are used
and reliable values are obtained withBi = 10 starting from
Fo > 0.04.

Fig. 3 shows trends of nondimensioned temperature
the external surface(r/R = 1) and cylinder axis(r/R = 0),
for different discretized Fourier numbers (�Fo =
a�τ/�r2), as a function of nondimensional time (Fo). By
comparing these trends to the theoretical solution base
Eq. (5), it can be observed that for a fixed time-step (�τ =
50 s), the accuracy of the numerical solution of the cy
der surface does not depend on mesh dimension�r, while
the accuracy of temperature results on the axis is stro
affected.

By contrast, for coarse meshes, the reduction of ti
steps does not improve accuracy even if numerical instab
effects are removed, as is well known from literature [1
(Fig. 4).

In general, comparison between theoretical results
results obtained from the calculation program shows tha
model gives lower values than the series data on the cyli
surface, and higher values on the axis.

Finally, it is to be noted that Biot number values exce
ing 10 correspond to very sharp thermal transients, with v
high internal temperature gradients. This condition gi
rise, as usual in finite difference numerical apporaches
particular problems in terms of the expected stability a
accuracy of the numerical solutions obtained.
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Fig. 4. Comparison of numerical over analytical results forBi = 10, with
different time steps:�τ = 5, 50, 500, 1000 s—5 radial nodes—thresho
of stability �Fo≈ 0.48.

Fig. 5. Comparison of numerical over analytical results, with variable B
number.

Fig. 5 shows the comparison, in terms of non-dimensio
variables, between the model and theoretical (serial de
opment with 20 terms) solutions for temperature profiles
the external surface and on the axis, with Biot number
ues 0.1, 1, 10 and 100. It can be observed that the maxim
differences (on axisr = 0) increase as the Biot number i
creases, but are always lower than 2% even atBi = 100.
These differences are partially due to intrinsic limits in
series solution, which always gives values below the e
solution [12, Fig. 4.10], especially whenFo < 1. The oscil-
lations evidenced in the figure for high Biot number valu
(Bi = 10, Bi = 100) are not wrong or unstable numeric
calculations, but oscillations due to truncation errors in
calculation of the asymptotic solution (Θ → 0), which are
quickly reached for lowerFo numbers whenBi is high.

Numerical stability of the calculation algorithm has be
checked over a large range of Biot and discretized Fou
numbers, proving that the Crank–Nicholson method use
this case is stable up to maximum values�Fo = 2 (�Fo <

2). This limit value decreases asBi increases (in Fig. 4
Fig. 6. Sketch of the modelled furnace (geometrical dimensions in meters

�Folim = 0.48 with Bi = 10; in the case of Fig. 4 accurac
is compromised by the low number of nodes).

Further tests, not reported here for sake of brevity, pro
that, provided the already mentioned limits onBi and�Fo
are respected, stability and accuracy characteristics o
calculation method are not significantly affected by n
linear boundary conditions (radiant exchanges) coupled
simultaneous phase transitions inside the material.

3.2. Radiant thermal exchanges of a cylinder in an
isothermal rectangular cavity

The calculation criteria applied to view factors in t
algorithm and the evaluation of radiant contributions
thermal heat transfer rate were first checked by assum
negligible convective contributions and studying the hea
of two cylinders made of carbon steel (0.06% C) a
subjected to a phase transition during the heat treatm
inside a nonsymmetrical batch furnace. The geomet
system is sketched in Fig. 6.

The thermo-physical properties are strongly varia
with temperature, furnace walls are assumed at a con
temperature—different for each side—and cylinder and w
radiant properties are constant and equal. This problem
also solved by means of a commercial code (ANSY®,
available at DITEC).

3.2.1. Description of the ANSYS® model
The system shown in Fig. 6 was modelled in ANSY®

by following the definition procedure of a “radiative m
trix” [19]. The definition of this matrix, which represen
the radiant heat transfer rateof a particular thermal supe
element, allows the program to calculate the view factors
arbitrarily oriented surfaces. However, it does not allow
dependence of surface emissivity on temperature to be t
into account. Therefore, emissivity has been assumed t
constant and equal to 0.8, for both furnace walls and l
(i.e., cylinders).
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Fig. 7. Surface temperature of the two cylinders and internal temperatur
of the hollow one forθ = 0◦: comparison between the results of ANSYS®

and the present model.

3.2.2. Comparisons between the results of the two
calculation methods

Comparison of the time–temperature curves obtained
the heating process of a load consisting of a couple
cylinders (one hollow and one solid) initially at 300
temperature is performed. The cylinders are located
furnace with the four walls subjected to a step increas
temperature up to 1273 K, 1100 K, 1000 K, and 1100
respectively (counter-clockwise starting from the botto
The comparison reveals that the maximum difference
cylinder surface temperature between the two model
about 70 K (Fig. 7).

This difference is mainly due to the different integrati
criteria used to calculate the radiative heat transfer. More
over, while in ANSYS the furnace walls are discretized,
our model they are not. Since the temperature is unif
and constant on each furnace wall,this simplification affects
only the view factor calculations, and has a very slight in
ence. This comparison confirms the adequate capacity of th
calculation model to simulate solid thermal transients un
variable thermo-physical properties, even with strongly n
linear boundary conditions, such as in radiant environme

4. Example of batch heat treatment

The model set-up has been applied to the calculatio
an actual batch furnace process, to test calculation spee
and the possibility of obtaining reliable results in sh
calculation times. This feature is a mandatory requirem
if the calculation program is to be used in much m
complicated optimisation algorithms for design and con
purposes.

4.1. System description

The actual furnace with two possible cylinder arran
ments is sketched in Fig. 8. For brevity only the two-cylind
Fig. 8. Sketch of the cross-section of the heat treatment batch fur
(geometrical dimensions in millimetres).

Fig. 9. Temperature variations of furnace walls (given data, dashed
and cylinder temperatures obtained with different calculation meth
(Rint = on the cylinder axis,Rext = on the external surface of the cylinder

configuration results are reported here. Qualitatively sim
results can be obtained for the three-cylinder arrangem
In this first trial simulation, the thermal interactions betwe
the cylinder and its support have been neglected and uni
convective heat transfer coefficients are assumed all ar
the cylinder. To make solutions comparable to ANSY®

data, uniform and constant thermal emissivities are assu
without participating gas.

The thermal treatment cycle takes the form of a set of w
temperature ramps imposed with a given timing, as show
Fig. 9 (dashed line).

The aim of the calculation is to give the temperat
history inside the cylinders, to compare the data obta
by means of different codes, and, if necessary, to com
them to actual, measured temperatures inside the furnace an
inside the load material.

4.2. Simulation results

The results obtained are reported in Fig. 9, in wh
the cylinder temperature response is reported for a g
temperature history of the heating furnace walls.

The temperature curves can be referred to either of
two cylinders, owing to the symmetry of geometry a
boundary conditions along a vertical plane. The numerica
problem has been solved for the entire furnace with b
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.7,
cylinders, proving that the numerical solutions com
exactly with this simmetry condition.

The comparison between the ANSYS® model and the
present numerical model is reported in Fig. 9 for t
different calculation methods of the view factors: the str
method and the Monte Carlo method respectively. All
results show quite good agreement, thus confirming
reliability of the calculation method described. Moreover
execution time is quite short: in the order of 10 s simulat
time for a 200 hours treatment process (on an 800 M
CPU personal computer with NT2000 operating system
Compaq 6.0 Fortran compiler).

5. Conclusions

A calculation model has been described for the 2-D sim
lation of thermal transients of solid and hollow cylinders
side convective and radiant cavities, with participating me
and cavity walls with given variable temperature. The mo
takes into account the dependence of all thermo-phy
properties on temperature, both for any gases presen
solid materials, including the effect of second-order therm
dynamic transitions.

The results of the numerical model have been comp
with solutions obtained with other theoretical methods (a
lytical and finite elements) for two simplified problems. T
first is related to thermal transients (cooling) of homo
neous cylinders at constant physical properties in a cons
uniform convective environment. The second treats rad
heating of steel cylinders inside a rectangular furnace w
given wall temperature hystories.

Comparisons confirmed the good simulation feature
the model set-up, even at fairly long time-integration int
vals and with a strong nonlinear equation system, owin
both thermo-physical property variations with temperat
and to radiative heat transfer boundary conditions.

In particular, it has been pointed out that:

– even with very high Biot numbers (Bi = 100), the dif-
ference between theoretical and calculated non-dim
sional temperature curves does not exceed 2%;

– the threshold of numerical stability, in terms of t
discretized Fourier number (�Fo = a�τ/�r2) is cor-
related toBi values with�Fo < 2 for Bi in the range
0.1–1, in the order of�Fo < 0.5 for Bi = 10, down to
�Fo< 0.1 whenBi = 100;

– the crossed-strings method is accurate enough for
tively simple geometries, but the use of the Monte Ca
method is mandatory when complicated geometries ar
to be studied;

– calculation speed is quite satisfactory, making the
merical program suitable for use in much more co
plicated optimisation algorithms for design and cont
purposes.
d
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